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Abstract
We give an almost complete solution of a problem posed by Klaus and Li [A.-L. Klaus, C.-K. Li, Isometries
for the vector (p, q) norm and the induced (p, q) norm, Linear and Multilinear Algebra 38 (1995) 315–332].
Klaus and Li’s problem, which arose during their investigations of isometries, was to relate the Frobenius
(or Hilbert–Schmidt) norm of a matrix to various operator norms of that matrix. Our methods are based on
earlier work of Feng [B.Q. Feng, Equivalence constants for certain matrix norms, Linear Algebra Appl. 374
(2003) 247–253] and Tonge [A. Tonge, Equivalence constants for matrix norms: a problem of Goldberg,
Linear Algebra Appl. 306 (2000) 1–13], but introduce as a new ingredient some techniques developed by
Hardy and Littlewood [G.H. Hardy, J.E. Littlewood, Bilinear forms bounded in space [p, q], Quart. J. Math.
(Oxford) 5 (1934) 241–254].
© 2006 Elsevier Inc. All rights reserved.
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Let C be the set of all complex numbers. Let lnp be the Banach space of all n-tuples x =
(x1, . . . , xn) ∈ Cn equipped with the norm
|x|p =
⎧⎪⎨
⎪⎩
(
n∑
j=1
|xj |p
)1/p
(1  p < ∞),
max1jn |xj | (p = ∞).
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The vector space Cm×n of all complex m × n matrices A = (aij ) can be given many natural
norms. We focus on the (p, q)-norm,
|A|pq =
⎛
⎝ n∑
j=1
(
m∑
i=1
|aij |p
)q/p⎞⎠
1/q
(1  p, q ∞),
and the (p, q)-operator norm,
‖A‖pq = max{|Ax|q : |x|p  1} (1  p, q ∞).
In the special case that p = q, we call these norms the p-norm and p-operator norm, respectively.
For fixed m and n these norms are all equivalent. Our objective is to investigate the equivalence
constants among them. In [2], we asked the following problem:
Problem 1. Given integers m and n and real numbers 1  p, q, r, s ∞, determine the best
constants a, b, c, d (depending on m, n, p, q, r, s) such that for all A ∈ Cm×n,
|A|pq  a|A|rs , (1)
‖A‖pq  b‖A‖rs , (2)
‖A‖pq  c|A|rs , (3)
|A|pq  d‖A‖rs . (4)
In [2], we completely determined the values of a, b and c.
In 1995, Kaus and Li [4] specifically asked how to solve the following problem:
Problem 2. Determine the largest α > 0 such that
α|A|2  ‖A‖rs
for all A ∈ Cm×n.
Problem 2 is the special case of (4) of Problem 1 when p = q = 2. In this paper we discuss the
more general case when p = q  2. As our methods only give very incomplete and complicated
results when p = q < 2 or when p /= q, we will not pursue these cases here. An important
ingredient in our arguments will be the following lemma, which can found in Hardy and Littlewood
[3]. A modern treatment can be found in Osikiewicz and Tonge [5].
Lemma 1 [3, 4.1.5 of Theorem 5]. Suppose r > s  1 and 1/p = 1/s − 1/r  1/2. Then for all
A ∈ Cm×n,
|A|p  ‖A‖rs ,
and this inequality is sharp.
Already, Lemma 1 answers the last part (4) of Problem 1 in the special case when p = q and
(1/r, 1/s) lies on the line segment in the (1/r)(1/s)-plane:
1
s
= 1
r
+ 1
p
, 0  1
r
 1
p′
, where
1
p′
:=1 − 1
p
.
As we proceed, we will need to divide the unit square {0  1/r  1} × {0  1/s  1} in the
(1/r, 1/s) plane into eight regions in order to catalog our results. These eight regions will be
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Fig. 1. m  n, p  2.
different in the cases m  n and m  n. Fig. 1 shows how these eight regions partition the unit
(1/r, 1/s) square in the case m  n. Note that the line segment from Lemma 1 is the intersection
of regions R1 and R2.
We describe these eight regions analytically as follows:
R1 = {(1/r, 1/s) : 0  1/r  1/p′ and 1/p + 1/r  1/s  1},
R2 = {(1/r, 1/s) : 0  1/r  1/p′ and 1/r  1/s  1/p + 1/r},
R3 = {(1/r, 1/s) : 0  1/r  1/p′ and 0  1/s  1/r},
R4 = {(1/r, 1/s) : 1/p′  1/r  1, 0  1/s  min(1/p, log n/(r ′ log m)},
R5 = {(1/r, 1/s) : 1 − log m/(p log n)  1/r  1 and log n/(r ′ log m)  1/s  1/p},
R6 = {(1/r, 1/s) : 1/p′  1/r  1/s  1},
R7 = {(1/r, 1/s) : 1/p′  1/r  1 − log m/(p log n) and 1/p  1/s  1/r},
R8 = {(1/r, 1/s) : 1 − log m/(p log n)  1/r  1 and 1/p  1/s  1/r}.
When m  n, it is necessary to partition the unit square differently into the regions pictured in
Fig. 2. These eight regions are described analytically below:
R′1 = {(1/r, 1/s) : 1/p  1/s  1 and 0  1/r  1/s − 1/p},
R′2 = {(1/r, 1/s) : 1/p  1/s  1 and 1/s − 1/p  1/r  1/s},
R′3 = {(1/r, 1/s) : 1/p  1/s  1/r  1},
R′4 = {(1/r, 1/s) : log n/(r ′ log m)  1/s  1/p and 1/p′  1/r  1},
R′5 = {(1/r, 1/s) : 0  1/s  log n/(r ′ log m) and 1/p′  1/r  1},
R′6 = {(1/r, 1/s) : 0  1/r  1/s  1/p},
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Fig. 2. m  n, p  2.
R′7 = {(1/r, 1/s) : log n/(p log m)  1/s  min(1/r, 1/p) and 1/r  1/p′},
R′8 = {(1/r, 1/s) : 0  1/s  min(1/r, log n/(p log m)) and 0  1/r  1/p′}.
Note that R′1 = R1. All our results in the case m  n will be obtained from the case m  n by
transposition, using the following well-known lemma:
Lemma 2 [2, Lemma 3]. Let At be the transpose matrix of A ∈ Cm×n. Then for every 1  r, s 
∞,
‖A‖rs = ‖At‖s′r ′ ,
where 1/r ′ = 1 − 1/r and 1/s′ = 1 − 1/s.
We frequently make use of the notation:
λpq(n) :=
{
1, p  q,
n1/p−1/q, p < q.
The following lemmas are crucial to our work for the case m  n.
Lemma 3 [2, Lemma 1]. Let 1  p, q ∞, and let In : lnp → lnq be the identity operator. Then
‖In‖pq = λqp(n).
In other words, for all x ∈ Cn,
|x|q  λqp(n)|x|p.
Lemma 4 [2, Theorem 5]. Let 1  p, q, r, s ∞. Then for all A ∈ Cm×n,
|A|pq  λpr(m)λqs(n)|A|rs ,
and this inequality is sharp.
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Lemma 5 [2, Theorem 6]. Let 1  p, q, r, s ∞. Then for all A ∈ Cm×n,
‖A‖pq  λqs(m)λrp(n)‖A‖rs ,
and this inequality is sharp.
For the discussion of sharpness, we need to introduce a class of test matrices. Define Q(m, n) ∈
Cm×n by
Q(m, n)ij =
{
1 (i = j),
0 (i /= j),
where 1  i  m and 1  j  n.
Lemma 6
(i) If m  n, then |Q(m, n)|p = m1/p and ‖Q(m, n)‖rs = λsr (m);
(ii) If m  n, then |Q(m, n)|p = n1/p and ‖Q(m, n)‖rs = λsr (n).
Proof. (i) It is clear that |Q(m, n)|p = m1/p, so we just verify the second assertion.
For each x = (x1, . . . , xn)t ∈ Cn, Lemma 3 gives
|Q(m, n)x|s = |(x1, . . . , xm)t|s =
⎛
⎝ m∑
j=1
|xj |s
⎞
⎠
1/s
λsr (m)
⎛
⎝ m∑
j=1
|xj |r
⎞
⎠
1/r
 λsr (m)|x|r .
Hence ‖Q(m, n)‖rs  λsr (m).
If r  s, let x = (m−1/r , . . . , m−1/r , 0, . . . , 0)t ∈ Cn, where there are m copies of m−1/r .
Then |x|r = 1, and
‖Q(m, n)‖rs  |Q(m, n)x|s =
⎛
⎝ m∑
j=1
m−s/r
⎞
⎠
1/s
= m1/s−1/r = λsr (m).
So, ‖Q(m, n)‖rs = λsr (m).
If r  s, let x = (1, 0, . . . , 0)t ∈ Cn. Then |x|r = 1 and |Q(m, n)x|s = 1. Thus,
‖Q(m, n)‖rs  |Q(m, n)x|s = 1 = λsr (m).
Hence ‖Q(m, n)‖rs = λsr (m).
(ii) This follows from (i), using Lemma 2. Simply note that |Q(m, n)|p = |Q(m, n)t|p = n1/p
and ‖Q(m, n)‖rs = ‖Q(m, n)t‖s′r ′ = λr ′s′(n) = λsr (n). 
We now start to answer our problem. The first stage is to extend the validity of Lemma 1 into
the whole of regions R1 ∪ R2 ∪ R3 and R′1 ∪ R′2 ∪ R′3.
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Theorem 1. Suppose p  2 and 1/σ = 1/p + 1/r.
(i) If m  n and (1/r, 1/s) ∈ R1 ∪ R2 ∪ R3, then for all A ∈ Cm×n,
|A|p  λσs(m)λrs(m)−1‖A‖rs , (5)
and this inequality is sharp.
(ii) If m  n and (1/r, 1/s) ∈ R′1 ∪ R′2 ∪ R′3, then for all A ∈ Cm×n,|A|p  λσs(n)λrs(n)−1‖A‖rs , (5′)
and this inequality is sharp.
Proof. (i) Firstly, suppose that (1/r, 1/s) ∈ R1, then r  s and λrs(m) = 1. Since 1/σ = 1/p +
1/r , then s  σ , and by Lemmas 1 and 5 we have
|A|p  ‖A‖rσ  λσs(m)‖A‖rs = λσs(m)λrs(m)−1‖A‖rs .
Inequality (1) is sharp in R1, since |E(m, n)|p = ‖E(m, n)‖rs = 1, where E(m, n) is the matrix,
in which all entries are 0 except 1 in the position (1, 1) (see [[2], Lemma 2]).
Next, suppose that (1/r, 1/s) ∈ R2, then r  s is also true and λrs(m) = 1. Since 1/σ =
1/p + 1/r , then s  σ , and by Lemmas 1 and 5
|A|p  ‖A‖rσ  λσs(m)‖A‖rs
= m1/σ−1/s‖A‖rs = m1/p+1/r−1/s‖A‖rs = λσs(m)λrs(m)−1‖A‖rs .
For the sharpness of (1) in R2, consider the matrix Q(m, n). Since m  n, Lemma 6 gives
|Q(m, n)|p = m1/p and ‖Q(m, n)‖rs = λsr (m).
Since s  r , ‖Q(m, n)‖rs = m1/s−1/r . Hence inequality (1) becomes an equality when we set
A = Q(m, n).
Finally, suppose that (1/r, 1/s) ∈ R3. By Lemma 2, we have
‖A‖rs = ‖At‖s′r ′ = max
⎧⎪⎨
⎪⎩
⎛
⎝ n∑
j=1
∣∣∣∣∣
m∑
i=1
aij xi
∣∣∣∣∣
r ′⎞⎠
1/r ′
: |x|s′  1
⎫⎪⎬
⎪⎭ .
Let x = (0, . . . , 0, 1, 0, . . . , 0)t ∈ Cm, where the 1 is in the ith position. Then |x|s′ = 1.
Therefore
‖A‖rs 
⎛
⎝ n∑
j=1
|aij |r ′
⎞
⎠
1/r ′
for all 1  i  m.
As 1/r  1/p′, we have 1/p  1/r ′, and so λpr ′(n) = 1. By Lemma 3, we have⎛
⎝ n∑
j=1
|aij |p
⎞
⎠
1/p
 λpr ′(n)
⎛
⎝ n∑
j=1
|aij |r ′
⎞
⎠
1/r ′
 ‖A‖rs .
Considering (1/r, 1/s) ∈ R3 implies σ  s and r  s. Thus,
|A|p =
⎛
⎝ m∑
i=1
n∑
j=1
|aij |p
⎞
⎠
1/p

(
m∑
i=1
‖A‖prs
)1/p
= m1/p‖A‖rs
=m1/σ−1/r‖A‖rs = m1/σ−1/sm1/s−1/r‖A‖rs = λσs(m)λrs(m)−1‖A‖rs .
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This establishes inequality (1) in R3.
To prove the sharpness, we begin by noting that for m  n we have |Q(m, n)|p = m1/p. As
s  r , we have ‖Q(m, n)‖rs = λsr (m) = 1. So |Q(m, n)|p = m1/p‖Q(m, n)‖rs , and inequality
(1) is sharp in R3.
(ii) This follows from (i), using Lemma 2. 
For the next regions, R4, R′4, R5 and R′5, we use a probabilistic result to discuss essential
sharpness. By saying that an inequality of the type we consider is essentially sharp, we mean that
the only possible improvement is by a numerical factor independent of m and n, for which the
inequality is true for all matrices of all dimensions.
We need the following lemma which is due to Bennett.
Lemma 7 [1, Proposition 3.2]. For each 1  r, s ∞ there is a constant K such that for all
positive integers m and n there is an m × n matrix A, all of whose entries are ±1, for which
K−1  ‖A‖rs
max(m1/snmax(1/2−1/r,0), n1/r ′mmax(1/s−1/2,0))
 K.
Theorem 2. Suppose p  2.
(i) Let m  n.
(a) If (1/r, 1/s) ∈ R4, then for all A ∈ Cm×n,
|A|p  m1/pn1/p−1/r ′ ‖A‖rs , (6)
and this inequality is essentially sharp.
(b) If (1/r, 1/s) ∈ R5, then for all A ∈ Cm×n,
|A|p  m1/p−1/sn1/p‖A‖rs , (7)
and this inequality is essentially sharp.
(ii) Let m  n.
(a′) If (1/r, 1/s) ∈ R′4, then for all A ∈ Cm×n,
|A|p  m1/p−1/sn1/p‖A‖rs , (6′)
and this inequality is essentially sharp.
(b′) If (1/r, 1/s) ∈ R′5, then for all A ∈ Cm×n,
|A|p  m1/pn1/p−1/r ′ ‖A‖rs , (7′)
and this inequality is essentially sharp.
Proof. (i) From the proof of Theorem 1, we have⎛
⎝ n∑
j=1
|aij |r ′
⎞
⎠
1/r ′
 ‖A‖rs for all 1  i  m.
Now, since 1/p′  1/r we have 1/r ′  1/p. Thus, Lemma 3 gives⎛
⎝ n∑
j=1
|aij |p
⎞
⎠
1/p
 λpr ′(n)
⎛
⎝ n∑
j=1
|aij |r ′
⎞
⎠
1/r ′
 n1/p−1/r ′ ‖A‖rs .
B.Q. Feng, A. Tonge / Linear Algebra and its Applications 420 (2007) 388–399 395
Hence
|A|p =
⎛
⎝ m∑
i=1
n∑
j=1
|aij |p
⎞
⎠
1/p

(
m∑
i=1
(
n1/p−1/r ′ ‖A‖rs
)p)1/p = m1/pn1/p−1/r ′ ‖A‖rs .
This is inequality (6), and it is valid in a rectangular region containing the union of R4 and R5,
namely
{(1/r, 1/s) : 1/p′  1/r  1 and 0  1/s  1}.
We now show that inequality (7) is also valid in a rectangular region containing the union of
R4 and R5. Recall that
‖A‖rs = max
⎧⎪⎨
⎪⎩
⎛
⎝ m∑
i=1
∣∣∣∣∣∣
n∑
j=1
aij xj
∣∣∣∣∣∣
s⎞
⎠
1/s
: |x|r  1
⎫⎪⎬
⎪⎭ .
For x = (0, . . . , 0, 1, 0, . . . , 0)t ∈ Cn, with the 1 in the j th position, we have |x|r = 1. Thus(
m∑
i=1
|aij |s
)1/s
 ‖A‖rs for all 1  j  n.
This implies that
|A|s =
⎛
⎝ n∑
j=1
m∑
i=1
|aij |s
⎞
⎠
1/s
 n1/s‖A‖rs .
Now, if 1/s  1/p, then λps(mn) = (mn)1/p−1/s . Using Lemma 4, in the case q = p and r = s,
we find
|A|pλps(mn)|A|s = (mn)1/p−1/s |A|s
(mn)1/p−1/sn1/s‖A‖rs = m1/p−1/sn1/p‖A‖rs ,
and so we have established inequality (7) in the rectangular region
{(1/r, 1/s) : 0  1/r  1 and 0  1/s  1/p},
which clearly contains the union of R4 and R5.
It is easy to check that
m1/pn1/p−1/r ′  m1/p−1/sn1/p ⇐⇒ m1/s  n1/r ′ ⇐⇒ 0  1/s  log n/(r ′ log m),
m1/pn1/p−1/r ′  m1/p−1/sn1/p ⇐⇒ m1/s  n1/r ′ ⇐⇒ log n/(r ′ log m)  1/s.
Thus, although inequalities (6) and (7) both hold in the rectangle
R4 ∪ R5 = {(1/r, 1/s) : 1/p′  1/r  1, 0  1/s  1/p},
inequality (6) is better than inequality (7) in the region R4, and inequality (7) is better than
inequality (6) in the region R5.
Next we discuss sharpness. Let (1/r, 1/s) ∈ R4 ∪ R5. Then, since p  2, we have 1/r  1/2
and 1/s  1/2. So, by Lemma 7, there is a constant K , independent of m and n, and a matrix A
whose entries are ±1, such that
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‖A‖rs  K max{m1/s, n1/r ′ }.
In the case that (1/r, 1/s) ∈ R4, we know that m1/s  n1/r ′ , and so ‖A‖rs  Kn1/r ′ . Noting that
|A|p = m1/pn1/p, we obtain
|A|p  K−1m1/pn1/p−1/r ′ ‖A‖rs .
Hence inequality (6) is essentially sharp in region R4.
On the other hand, if (1/r, 1/s) ∈ R5, then m1/s  n1/r ′ , and so ‖A‖rs  Km1/s . Thus
|A|p = m1/pn1/p  K−1m1/p−1/sn1/p‖A‖rs .
Hence inequality (7) is essentially sharp in region R5.
(ii) This follows from (i), using Lemma 2. 
We now turn to regions R6 and R′6. The discussion of sharpness requires a new collection of
test matrices. When m  n, it is possible to find a pair of integers k  1 and 0  l < m, such that
n = km + l. Define T (m, n) ∈ Cm×n by
T (m, n) :=
⎡
⎢⎢⎢⎣
1 · · · 1
0 · · · 0
... · · · ...
0 · · · 0
∣∣∣∣∣∣∣∣∣
0 · · · 0
1 · · · 1
... · · · ...
0 · · · 0
∣∣∣∣∣∣∣∣
· · ·
· · ·
· · ·
· · ·
∣∣∣∣∣∣∣∣
0 · · · 0
0 · · · 0
0 · · · 0
1 · · · 1
⎤
⎥⎥⎦ ,
where matrix T (m, n) has m blocks. The first l blocks on the left have size m × (k + 1), and the
remaining m − l blocks have size m × k.
Lemma 8. Let 1  p ∞, and let m  n. If (1/r, 1/s) ∈ R6, then
|T (m, n)|p  2−1m1/s′n1/p−1/r ′ ‖T (m, n)‖rs .
Proof. It is clear that |T (m, n)|p = n1/p. For each x ∈ lnr , Hölder’s inequality gives
|T (m, n)x|ss =
l−1∑
i=0
∣∣∣∣∣∣
(k+1)(i+1)∑
j=1+(k+1)i
xj
∣∣∣∣∣∣
s
+
m−l−1∑
i=0
∣∣∣∣∣∣
k(i+1)∑
j=1+ki
xj+(k+1)l
∣∣∣∣∣∣
s

l−1∑
i=0
(k + 1)s/s′
(k+1)(i+1)∑
j=1+(k+1)i
|xj |s +
m−l−1∑
i=0
ks/s
′
k(i+1)∑
j=1+ki
|xj+(k+1)l |s
= (k + 1)s/s′
(k+1)l∑
j=1
|xj |s + ks/s′
n∑
j=1+(k+1)l
|xj |s
(k + 1)s/s′ |x|ss .
Since 1/s  1/r , Lemma 3 gives
‖T (m, n)‖rs = max|x|r1 |T (m, n)x|s  (k + 1)
1/s′ max|x|r1
|x|s
(k + 1)1/s′λsr (n) max|x|r1 |x|r = (k + 1)
1/s′n1/s−1/r .
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Since n = km + l, we find 2n = 2km + 2l  2km  (k + 1)m, and so k + 1  2n/m. Hence
‖T (m, n)‖rs  (2n/m)1/s′n1/s−1/r = 21/s′m−1/s′n1/r ′ .
Thus
|T (m, n)|p = n1/p  2−1/s′m1/s′n1/p−1/r ′ ‖T (m, n)‖rs .
Since 1/s′  1,
|T (m, n)|p  2−1m1/s′n1/p−1/r ′ ‖T (m, n)‖rs . 
We are now ready to settle our problem for regions R6 and R′6.
Theorem 3. Suppose p  2.
(i) Let m  n. If (1/r, 1/s) ∈ R6 ∪ R7 ∪ R8, then for all A ∈ Cm×n,
|A|p  m1/s′n1/p−1/r ′ ‖A‖rs , (8)
and this inequality is essentially sharp in R6.
(ii) Let m  n. If (1/r, 1/s) ∈ R′6 ∪ R′7 ∪ R′8, then for all A ∈ Cm×n,
|A|p  m1/p−1/sn1/r‖A‖rs , (8′)
and this inequality is essentially sharp in R′6.
Proof. (i) First note that (1/r, 1/s) ∈ R6 implies 1/p′  1/r . Now consider the composition of
maps
lnp′
In−→ lnr A−→ lms Im−→ lm1 ,
and so view A as an operator from ln
p′ to l
m
1 . Applying Lemma 1 in the case r = p′, s = 1, and
then Lemma 3, noting that 1/p′  1/r ,
|A|p  ‖A‖p′1 = ‖ImAIn‖p′1
 ‖Im‖s1‖A‖rs‖In‖p′r = m1−1/sn1/r−1/p′ ‖A‖rs
= m1/s′n1/p−1/r ′ ‖A‖rs .
This is inequality (1). We know from Lemma 8 that inequality (1) is essentially sharp in region
R6.
(ii) This follows from (i), using Lemma 2. 
However we are unable to determine whether these estimates are sharp or essentially sharp in
R7 ∪ R8, when m  n, or in R′7 ∪ R′8, when m  n. The uncertainty in region R7, when m  n,
and R′7, when m  n, can be resolved when p = 2. Pulling together Theorems 1–3 we can then
answer the problem of Klaus and Li for most values of r and s as follows.
Theorem 4. Suppose m  n, and Si = Ri, i = 1, . . . , 8, when p = 2.
(i) If 1/σ = 1/2 + 1/r and (1/r, 1/s) ∈ S1 ∪ S2 ∪ S3, then for all A ∈ Cm×n,
|A|2  λσs(m)λrs(m)−1‖A‖rs ,
and this inequality is sharp.
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(ii) If (1/r, 1/s) ∈ S4, then for all A ∈ Cm×n,
|A|2  m1/2n1/2−1/r ′ ‖A‖rs ,
and this inequality is essentially sharp.
(iii) If (1/r, 1/s) ∈ S5, then for all A ∈ Cm×n,
|A|2  m1/2−1/sn1/2‖A‖rs ,
and this inequality is essentially sharp.
(iv) If (1/r, 1/s) ∈ S6, then for all A ∈ Cm×n,
|A|2  m1/s′n1/2−1/r ′ ‖A‖rs ,
and this inequality is essentially sharp.
(v) If (1/r, 1/s) ∈ S7, then for all A ∈ Cm×n,
|A|2  m1/s′n1/2−1/r ′ ‖A‖rs ,
and this inequality is essentially sharp.
Proof. If we let p = 2 in Theorems 1–3, then we have (i)–(iv) respectively. It remains to prove
(v). From Theorem 3, we know that inequality (1) holds in S7 when p = 2, and so we just need
to discuss sharpness to finish the proof of (v).
Assume that (1/r, 1/s) ∈ S7. Then 1/r  1 − log m/(2 log n), and so
1/r ′  log(m1/2)/ log n,
that is n1/r ′  m1/2. Thus
n1/r
′
m1/s−1/2  m1/2m1/s−1/2 = m1/s .
Consequently, by Lemma 7, there is a constant K , independent of m and n, and a matrix A, all of
whose entries are ±1, such that
‖A‖rs K max(m1/snmax(1/2−1/r,0), n1/r ′mmax(1/s−1/2,0))
= K max(m1/s, n1/r ′m1/s−1/2) = Kn1/r ′m1/s−1/2.
Hence
|A|2 =m1/2n1/2  K−1m1/2n1/2n−1/r ′m1/2−1/s‖A‖rs
=K−1m1/s′n1/2−1/r ′ ‖A‖rs ,
and we have shown that the inequality in (v) is essentially sharp. 
Using Lemma 2 we can make a translation of Theorem 4 to deal with the case m  n.
Theorem 5. Suppose m  n, and S′i = R′i , i = 1, . . . , 8, when p = 2.
(i) If 1/σ = 1/2 + 1/r and (1/r, 1/s) ∈ S′1 ∪ S′2 ∪ S′3, then for all A ∈ Cm×n,
|A|2  λσs(n)λrs(n)−1‖A‖rs ,
and this inequality is sharp.
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(ii) If (1/r, 1/s) ∈ S′4, then for all A ∈ Cm×n,
|A|2  m1/2−1/sn1/2‖A‖rs ,
and this inequality is essentially sharp.
(iii) If (1/r, 1/s) ∈ S′5, then for all A ∈ Cm×n,
|A|2  m1/2n1/2−1/r ′ ‖A‖rs ,
and this inequality is essentially sharp.
(iv) If (1/r, 1/s) ∈ S′6, then for all A ∈ Cm×n,
|A|2  m1/2−1/sn1/r‖A‖rs ,
and this inequality is essentially sharp.
(v) If (1/r, 1/s) ∈ S′7, then for all A ∈ Cm×n,
|A|2  m1/2−1/sn1/r‖A‖rs ,
and this inequality is essentially sharp.
We finish this discussion with making a conjecture about the regions S8 and S′8 of the problem
of Klaus and Li as follows.
Conjecture
(i) Suppose m  n. If (1/r, 1/s) ∈ S8, then for all A ∈ Cm×n,
|A|2  n1/2(m/n)(1/s−1/2)/(r ′/2−1)‖A‖rs ,
and this inequality is essentially sharp.
(ii) Suppose m  n. If (1/r, 1/s) ∈ S′8, then for all A ∈ Cm×n,
|A|2  m1/2(n/m)(1/2−1/r)/(s/2−1)‖A‖rs ,
and this inequality is essentially sharp.
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